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Abstract

The aim of this work is to model the flow field around
a horizontal axis tidal stream turbine to include the effects
of both free surface proximity and wave induced veloci-
ties. Theoretical results are presented for the case of a
linear array of tidal stream turbines that account for the
proximity of the free surface and the seabed. The the-
ory is then developed further to account for wave induced
velocities and the resultant unsteady loading on a turbine.
The theoretical results are compared to open channel flow
experimental results. The flow field has been first experi-
mentally simulated using various resistance discs. These
results will be complemented by more detailed measure-
ments using a model turbine. A combination of oscilla-
tory flow and current is used to simulate the effects of
wave and current motion on the turbine. The work on
free surface proximity culminates in a blockage correc-
tion for free surface flows. The extension of this theory
for inclusion of wave induced velocities provides a char-
acterisation of the unsteady loading on the turbine due to
the wave motion. Incorporation of the corrections for free
surface proximity into a blade element code is discussed.

Nomenclature

D = diameter
b = transverse spacing
zt = hub depth
z1 = depth upstream of the turbine
z2 = depth downstream of the turbine
δz = z1 − z2

s1 = width of streamtube upstream
sw = width of streamtube downstream
st = equivalent 2-D turbine diameter (seeB)
U1 = U = upstream velocity
Ut = βU = velocity at turbine
Uw = αU = wake velocity
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U2 = τU = velocity outside of wake
k = resistance of the porous gauze
ṁ = flow rate
CT = coefficient of thrust
CP = coefficient of power
CM = coefficient of added mass
B = st

z1

= blockage ratio

F1 = U2

1

gz1

= upstream Froude number
Re = Reynolds number (based on disc diameter,D)
a = axial induction factor
ω = frequency of incident waves
ko = wave number of incident waves
ẑ1 = amplitude of incident waves
H = 2ẑ1 = wave height
φ = potential
∆ = ( )− − ( )+
i =

√
−1

Introduction

In 2005 a study commissioned by the Carbon Trust es-
timates the total extractable UK tidal stream resource at
approximately 22 TWh per year, which represents 6% of
the UK electricity demand [1]. Tidal-stream flows are ex-
tremely predictable thus making them attractive for op-
timised energy conversion via horizontal-axis rotors [2].
Such devices will often operate in relatively shallow water
where tidal currents are strongest and therefore be in the
vicinity of a free-surface and subject to passing waves.
The actuator disc distributes the loading of the turbine
blades uniformly over a disc which acts as a discontinu-
ity in pressure in the flow. It has been employed in vari-
ous similar engineering applications [3], such as the mod-
elling of wind turbines and ship propellers and it is again
applicable here. A porous plate is frequently used as an
analogue for an actuator disc and hence turbine rotor. It is
particularly useful where small model scales would lead
to unrepresentatively low blade Reynolds numbers in the
latter case.



1 Modelling free-surface proximity
1.1 Theoretical model

We consider an array of horizontal axis rotors of di-
ameterD, transverse spacingb, to be situated across a
tidal stream at hub depthzt (measured from the upstream
mean free surface) in water of depthz1, as shown in Fig-
ure 1. These rotors will be represented by actuator discs.
Where the rotor spacing is fairly close a first approxima-
tion for the effects of free-surface and sea bed proximity
can be obtained by considering a two-dimensional (trans-
versely averaged) flow, as shown in Figure 2, where the
area of the ‘actuator (or resistance) strip’ per unit trans-
verse width of the flow is equal to the area occupied by
rotor discs per unit width (i.e. the same blockage ratio):

B =
πD2
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Figure 1: Diagram of array of rotors within a channel.
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Figure 2: Schematic of 2D flow approximation.

By consideration of continuity, Bernoulli and momen-
tum, a quartic equation in terms ofτ can be derived,
which once solved predicts the height drop due to the
turbine’s presence as well as the device characteristics
such asCt and henceCp.

The pressure drop across a porous gauze is determined
by means of a resistance coefficient,k, analogous to a
drag coefficient

∆p =
1

2
kU2

t (2)

1.1.1 Derivation

Applying continuity to the outside streamtube gives

U(z1 − s1) = τU(z2 − sw) (3)

and then applying continuity to the inside streamtube
gives

Us1 = βUst = αUsw (4)

rearranging (3) and (4) gives

β =
[z1(τ − 1) − τδz]α

(τ − α)st

(5)

Applying Bernoulli along the free surface gives height
drop betweenz1 andz2

δz =
U2

2g
(τ2 − 1) (6)

and then applying Bernoulli along the central streamline
gives the force on the turbine

F = st(gh +
1

2
U2(1 − α2)) (7)

The force on the turbine can also be obtained by apply-
ing conservation of momentum to a control volume sur-
rounding the turbine and passing through the free surface

F =
∑

pA −
∑

ṁV (8)

Equation (8) can be written as

F =

∫ z1

0

(pa + gz)dz −
∫ z2

0

(pa + gz)dz

− pa(z1 − z2) − ṁoutVout + ṁinVin

=
1

2
gz2

1 − 1

2
gz2

2 − (z2 − sw)(τU)2

− sw(αU)2 + z1U
2

=
1

2
g(2z1δz − (δz)2) + U2z1(1 − τ)

+ βU2st(τ − α)

Equating (7) and (8) and substituting forβ by equation
(5) andδz by equation (6) leads to a quartic inτ of the
form

c4τ
4 + c3τ

3 + c2τ
2 + c1τ + c0 = 0,

where

c4 =
F1

8

c3 =
αF1

2

c2 =
B

2
− 1

2
− F1

4

c1 = 1 − α − αF1

2

c0 = α − 1

2
+

F1

8
− α2B
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1.2 Verification of theory

1.2.1 Comparison with limit cases

As the height is increased, whilst maintaining a
constant cross-sectional area of the turbine (i.e. the
case of decreasing the blockage ratio to zero) the results
from the free-surface proximity model approximate the
well-known case of an actuator disc in unbounded flow
(i.e. the Betz limit, whereCP = 16

27 [4]) as shown in
Figure 3. The higher blockage ratio lines in figure 3 also
have maxima. For example a blockage ratio of 0.25 has a
maximumCP of 1.08 at a resistance coefficient of 7.4.

The free-surface proximity model has also been
verified for the case of a blockage ratio of 1, against a
2-D analysis which considers the case of a gauze placed
across the entirity of the channel. The two different
analyses agree up to a resistance coefficient,k = 4,
which corresponds to the “brake-state” for a turbine.
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Figure 3: CP as a function of k, for varying blockage ratios, at
F1 = 0.0229.

1.2.2 Comparison with experiments

Experiments were carried out in the water flume in
Imperial College, which has a working section 0.6m
wide, 0.64m deep and 9m long. The flume was run at
flow speeds up to 0.72m/s, corresponding to a Froude
number of 0.083 at full depth. Measurements of axial
force were made on discs of varying resistance coeffi-
cient,k, with a diameter of 0.4m.

Determination of the resistance coefficient,k

There are various methods for determining the resis-
tance coefficient, e.g

1. Via published correlations relatingk to the open area
ratio,θ, and published measured data for gauzes and
porous plates[5]. The most well-known correlation
is given below as equation (10).

2. Via wind tunnel measurements - e.g. placing a sheet
of the porous material across a duct, and measuring
the pressure upstream and downstream.

3. Via water flume measurements - e.g. placing a sheet
of the porous material across the entire channel (i.e.
B = 1) and taking measurements of axial force and
flow speed.

The theoretical relationship between resistance coeffi-
cient and drag coefficient (which in this case is analogous
to CT ) is [5]

Ct =
k

(1 + 1
4k)2

(9)

Taylor’s publications on porosity do not provide a defini-
tive relationship between open area ratio,θ, and resistance
coefficient,k, however a first approximation often cited is
[5]

θ2 =
1

1 + k
(10)

The optimum efficiency state of a turbine operating in
open-flow (the Betz limit) is related tok via equation (9)
and found to be 2. A corresponding open-area ratio,θ
= 0.58 is then predicted using equation (10). In the first
instance, perforated plate material with this open-area ra-
tio was chosen for the turbine simulation. The resistance
coefficient was then confirmed experimentally via water
flume measurements (atRe = 2 x 105). The resistance
factor,k, was found to be 1.8. This value is used in the
analysis that follows.

In addition to the perforated plate, two other materials
were used to construct the 0.4m circular discs (wire grid
and expanded metal). Wind tunnel measurements were
performed on these two materials (atRe = 5 x 105).
Figure 4 shows the experimentally determinedk factors
for the various porous discs used in the experiments.
The straight line (equation (10)) is a frequently used
correlation (i.e. there is no firm theoretical basis),
however the tests agree well for the perforated plate and
wire grid samples. The experimentally determinedk for
the expanded metal sample deviates from Taylor’s first
approximation, however the sample consisted of diamond
shaped holes which may account for this.

Experimental results

The disc form provides a representation of the turbine.
In order to provide a test of the accuracy of using a 2-D
theoretical model to represent flow about an array of
discs, measurements of axial force were also made on a
2-D strip of the same porous material and equal blockage
to the disc in the flume, deployed across the whole width
of the flume. The force measurements from both the
disc and the strip correspond to one another closely
as expected for higher Froude numbers and shown in
figure 5 . These measurements confirm the 2-D analogy
and are also close to those predicted by the free-surface
proximity model.
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Figure 5: CT vs Fr for varying blockage ratios.

1.3 Blockage correction to B.E.M

Figure 6 is an initial attempt to use the two-
dimensional free-surface proximity model to provide a
correction factor for blockage to serve as an input to
Blade Element Momentum industrial codes commonly
used for design purposes.

The more commonly known axial induction factor,a,
is related toβ by:

a = 1 − β (11)

As expected, Figure 6 demonstrates that the turbine
will experience an increasedCT for the same axial in-
duction factor,a, as blockage ratio increases. A realis-
tic blockage ratio for tidal turbine operation in arrays is
0.125. At an induction factor of13 (corresponding to the
Betz limit) a turbine is likely to experience an increased
Ct by 28%.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

1

2

3

4

5

6

Axial Induction factor, a

C
or

re
ct

io
n 

fa
ct

or
 fo

r 
C

T

 

 

B = 0.00025
B = 0.125
B = 0.25
B = 0.375
B = 0.5

Figure 6: Correction factor vs axial induction factor for varying
blockage ratios.

2 Interaction of free surface waves with a
rotor array

As a stage towards evaluating the influence including
diffraction of general incident free surface waves in addi-
tion to a mean current on an array of tidal stream turbines,
the following analysis is presented for the interaction of a
regular wave train incident normally on a horizontal ‘ac-
tuator (resistance) strip’ in the absence of the current. The
resistance strip is the porous plate analogue of an array of
horizontal axis rotors shown in Figure 2 and follows the
same philosophy as applied to the steady flow cases in
Section 1. In the case which is considered here it is as-
sumed that there is no mean flow, the mean free surface is
taken to be the planez = 0 and the middle of the device is
at a depthz = −zt from the upstream mean free surface.
A regular wave train

z1 = ẑ1e
i(ωt−kox)

propagating in the positivex direction is incident on
the device. The flow is assumed to be at high Reynolds
number and is treated as inviscid.

The analysis follows the work of Chwang [6] for
porous barriers. Linear wave theory is assumed and the
velocity potential is defined

φ = φ̂(x, z)eiωt

Deep water will be assumed for simplicity, so therefore
the dispersion relation is

ko =
ω2

g

and the potential for the incident waves is

φ1 = φ̂1e
i(ωt−kox)ekoz

with

φ̂1 =
iω

ko

ẑ1



A linear relationship is assumed to hold (Chwang [6])
between the pressure difference across the plate−ρ∆∂φ

∂t

and the velocity∂φ
∂x

through the plate∆ = ( )− − ( )+
where+ and− are thex < 0 andx > 0 faces of the
plate. Thus

−ρ∆
∂φ

∂t
= iωG

(

∂φ

∂x

)

x=0;|z+zt|≤
st

2

(12)

where the complex constant of proportionality,G,
represents the contributions from both the velocity-
proportional loading and the inertia (added mass). Here
z = −zt is the middle of the strip.G may be related
to the viscous flows through the pores of the plate
(Taylor [5]) or to a linearised representation of Morison’s
equation which is more appropriate for the low resistance
coefficients representative of an actuator disc.

The potential is composed of five components

1. Incident waves

x ≤ 0; φ1 = φ̂1e
i(ωt−kox)ekoz (13)

2. Reflected waves

x ≤ 0; φR = φ̂Rei(ωt+kox)ekoz (14)

3. Transmitted waves

x ≥ 0; φT = φ̂T ei(ωt−kox)ekoz (15)

4. Eigensolution 1

x ≤ 0; φ− =

∫ ∞

0

A(µ)(cosµz +
ko

µ
sinµz)eµxdµ

(16)
5. Eigensolution 2

x ≥ 0; φ+ =

∫ ∞

0

B(µ)(cosµz +
ko

µ
sinµz)e−µxdµ

(17)
Equations (16) and (17) are eigensolutions satifying

the free surface boundary conditions and representing
local disturbances around the plate which decay with
distance and do not propagate away.

The two boundary conditions in the planex = 0 of
the plate are:

Pressure jump condition

∆φ =

{

−G∂φ
∂x

| z + zt |≤ st

2
0 | z + zt |> st

2

(18)

Continuity of velocity

∆
∂φ

∂x
= 0 (19)

Substituting the potentials above (equations (13) -
(17)) into (18) and (19) and non-dimensionalising

Z =
2(z + zt)

st

; Zo =
−2zt

st

;

G̃ =
G

st

; µ̃ =
stµ

2
; Ko =

kost

2
;

C(µ̃) = (1 + µ̃G̃)(cosµ̃zo +
ko

µ̃
sinµ̃zo)B(µ)

results in a pair of integral equations for the unknown
functionC(µ̃):

- for | Z | ≤ 1

CocoshK0Z+

∫ ∞

0

C(µ̃)cosµ̃Zdµ̃ = iKoG̃φ̂1coshK0Z

(20)

- for | Z | > 1

CocoshK0Z

1 + iKoG̃
+

∫ ∞

0

C(µ̃)cosµ̃Z

1 + µ̃G̃
dµ̃ = 0 (21)

where the disturbance has been assumed to be symmetric
aboutx = 0 upstream and downstream and the symmetric
(with respect to z) part of the solution about the mid-line
of the plate has been selected to calculate the loading on
the plate. The coefficientCo = (1 + iKoG̃)(φ̂T − φ̂1)
is proportional to the part of the disturbance which
propagates as a wave.

A solution of equations (20) and (21) can be obtained
by using a series expansion ofC(µ̃) in terms of the
Bessel functionsJ(2n+1)(µ̃) [7].

This procedure has been carried out here taking only
the first term of the series to give an approximate solution
for

φ̂T

φ̂1

= 1 − iKoG̃

2 − 4coshKo + (1+iKoG̃)

(i+G̃)
+ 1

4Ko

The loading coefficient̃G must be determined by ex-
periments or by heuristic analysis.

2.1 Example evaluation

Morison’s equation for the forceFX in the flow di-
rection on a device (areaA, volumeV ) in unsteady flow
U(t)

FX =
1

2
ρU |U |ACD + ρ

dU

dt
V CM

can be converted to a similar equation for pressure differ-
ence∆p across the resistance strip in unsteady flow

∆p =
k

2
ρ
∂φ

∂x

∣

∣

∣

∣

∂φ

∂x

∣

∣

∣

∣

+ ρCMst

(

∂2φ

∂t ∂x

)

x=0

(22)

which extends the steady flow relationship (equation (2))
to unsteady flow.k is the resistance coefficient,CM is an
inertia coefficient including the added mass effect and the
modulus sign is required for reversing flows.



Equation (22) may be linearised by replacing|∂φ
∂x

| by
some characteristic constant velocity here chosen to be
koφ̂ekozt , thus

∆p =
ko

2
kρ

∂φ

∂x
φ̂ekozt + ρCMst

∂2φ

∂t ∂x

The added mass coefficientCM has not as yet been
evaluated. For the present purposesCM is assumed to
be of similar size to the velocity dependent part of the
loading.

The following example values have been used

k = 2 (for max.CP in unconstrained steady flow)
st = 10m
H = 5 m
zt = -7.5m (as close to the surface as possible)
ko = 2π

60 m−1

to give
λ ≃ 0.85 − 0.017i

The power coefficient representing the ratio of the
mean power extracted by the device from the incident
waves divided by the mean power in the incident waves is
then calculated for this particular example to be

CP ≃ ℜ(λ(1 − λ)), where λ =
φ̂T

φ̂1

≃ 0.128

3 Conclusions
Two dimensional ‘actuator strip’ theory has been pre-

sented for flow past an array of tidal stream turbines in
close proximity to the free surface. The blockage effect
due to the free surface and sea bed has been computed for

steady flow, providing a correction to the wake induction
factor used in Blade Element Momentul codes that are
useful for industrial design purposes. As expected sig-
nificant increases in power coefficient can result from the
blockage effect. For surface wave induced flows an initial
linearised analysis has been presented for the interaction
of a regular wave train with the rotor array. This analy-
sis can be used to provide an estimate of the oscillatory
loading induced by the waves on the device and the am-
plitudes of the reflected and transmitted waves and will
be developed further to combine with the steady current
analysis.
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